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[2] Bruinier [3] nearly holomorphic wave form














$V_{\mathbb{C}}\supset \mathfrak{R}=\{Z\in V_{\mathbb{C}}|(Z, Z)=0\}$ : null cone
$\supset \text{ }=\{Z\in \mathfrak{R}|(Z,\overline{Z})>0\}$ : open in $\sigma \mathfrak{n}$
$X^{2}=(X, X)$




1.1. $Z=X+\sqrt{-1}\mathrm{Y}(X, Y\in V)$
$Z\in \text{ }\Leftrightarrow(X, \mathrm{Y})=0$ $X^{2}=\mathrm{Y}^{2}>0$
Proof. $(Z, Z)=X^{2}-\mathrm{Y}^{2}+2\sqrt{-1}(X, Y)=0$ $(X, \mathrm{Y})=0$ $X^{2}=\mathrm{Y}^{2}$
$(Z,\overline{Z})=X^{2}+\mathrm{Y}^{2}=2X^{2}>0$
$Z=X+\sqrt{-1}\mathrm{Y}\in$ $\{X, 1’\}$
$\langle X, \mathrm{Y}\rangle_{\mathbb{R}}\subset V$ 2
$Gr_{2}^{+}(V):^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}$ ($V$ 2 ) :Grassmann (1.1)
$\gamma$
$\gamma:\text{ }\ni Z\mapsto\langle X, \mathrm{Y}\rangle_{\mathbb{R}}\in Gr_{2}^{+}(V)$ (1.2)




P( )\rightarrow \rightarrow \mbox{\boldmath $\varphi$}\rightarrow Gr2+(V)
$Z\in \text{ }$ $\gamma(Z)=\langle X$ , Y\searrow ( ) $\{X, \mathrm{Y}\}$
$\varphi$ : $\mathbb{P}(\text{ })\ni[Z]\mapsto\prime v=\langle X, Y\rangle_{\mathbb{R}}\in Gr_{2}^{+}(V)$ (1.3)
2:1 $\varphi^{-1}(v)=\{[Z], [\overline{Z}]\}$
$p\geq 3$ $\mathbb{R}^{3}$ SO(3)
$\text{ }$
$\mathbb{P}(\text{ })$ $O(p, q)$ ( $\cdot.\cdot$ Witt )
[Z]\in P( ) SO(2) $\mathrm{x}O(p-2, q)$
P( ) $arrow\sim O(p, q)/SO(2)\mathrm{x}O(p-2, q)$
$\varphi\downarrow$ $\downarrow \mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}$ .
$Gr_{2}^{+}(V)arrow\sim$ $O(p, q)/O(2)\mathrm{x}O(p-2, q)$
$p=2$ ( $\mathrm{I}\mathrm{V}$ ) P( )
$\text{ }$
P( ) $=\mathbb{P}(\text{ ^{}+})\mathrm{u}$ P( -)
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P(fl+)\simeq P( -)\simeq Gr2+(V)\simeq SO0 $(2, q)/SO(2)\mathrm{x}$ SO(q)
$\mathrm{I}\mathrm{V}$
Remark 12. $O(2, q)$ $Gr_{2}^{+}(V)$
$Gr_{2}^{+}(V)\simeq O(2, q)/O(2)\mathrm{x}O(q)\simeq SO_{0}(2, q)/SO(2)\mathrm{x}$ SO(q)
$O(2, q)$
$\pm$




$G=O(2, l)$ $(l\geq 3)$ (2.1)
$L\subset V=\mathbb{R}^{2,l}$ even, unimodular
$L=K\oplus H$ $\{$
$\exists K$ : \doteqdot $(1, l-1)$ unimodular




$z,$ $z’\in H$ $(z, z’)=1$
$V$ $=$ $K_{\mathbb{R}}\oplus H_{\mathbb{R}}=K_{\mathbb{R}}\oplus \mathbb{R}z’\oplus \mathbb{R}z$
(2.3)
$Z$ $=$ $W+az’+bz$ $(a, b\in \mathbb{R}, W\in K_{\mathbb{R}})$
$(K_{\mathbb{R}}=K\otimes \mathrm{z}\mathbb{R}, H_{\mathbb{R}}=H\otimes \mathrm{z} \mathbb{R})$




$\nu$ : $\overline{\mathbb{H}_{l}}\ni W\mapsto W+z’-\frac{W^{2}}{2}z\in$ (2.4)
$\mathbb{H}_{l}^{\pm}:^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}\nu^{-1}(\text{ ^{}\pm})$ $\overline{\mathbb{H}_{l}}=\mathbb{H}_{l}^{+}\mathrm{u}\mathbb{H}_{l}^{-}$
$\mathbb{H}_{l}^{+}\vec{\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}\mathrm{o}\nu}\sim$
. P( +)\rightarrow \sim \mbox{\boldmath $\varphi$} $Gr_{2}^{+}(V)\simeq SO_{0}(2, l)/SO(2)\mathrm{x}$ SO(l) (2.5)
$\mathbb{H}_{l}=\mathbb{H}_{l}^{+}$
Remark 22. $\mathbb{H}_{l}=\mathbb{H}_{l}^{+}$ P( +)
$Gr_{2}^{+}(V)\simeq$
$SO_{0}(2, l)/SO(2)\mathrm{x}$ SO(l) P( +)
$\mathrm{I}\mathrm{V}$ $\mathbb{H}\iota$
$O^{+}(2, l)$ $\mathbb{H}\iota$ & ( )
Proof.. $\nu$ : H–$larrow$ well-clefilled
$q(W)=W^{2}/2$




$2q(W)=W^{2}=X^{2}-\mathrm{Y}^{2}+2\sqrt{-1}(X, \mathrm{Y})$ . $\cdot\cdot$ $\{$
$q(W)+\overline{q(W)}=X^{2}-\mathrm{Y}^{2}$
$(\nu V,\overline{W})=X^{2}+Y^{2}$
$(\nu(W), \overline{\nu(W)})=(X^{2}+\mathrm{Y}^{2})-(X^{2}-1^{\prime 2})=2\mathrm{Y}^{2}>0$ . $\cdot\cdot$ $\nu(W)\in$
proj. $0\nu$ : $\mathbb{H}_{l}-^{y}\text{ ^{}+}\underline{\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}}_{arrow \mathbb{P}(R^{+})}$.
$\square$
3. HEEGNER DIVISOR
$(, )$ $q(x)=(x, x)/2$
$\lambda\in L$ $q(\lambda)=(\lambda, \lambda)/2<0$ $\mathbb{P}(\text{ ^{}+})$ $\lambda$
$\lambda^{[perp]}$ Hl\simeq P( +) $\mathbb{H}_{l}$
$\lambda^{[perp]}$ $\lambda=\lambda_{K}+az’+bz(\lambda_{K}\in K)$ $\mathbb{H}_{l}$
$\lambda^{[perp]}=\{W\in \mathbb{H}_{l}|aq(W)-(W, \lambda_{K})=b\}$ : 2 (3.1)
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$\lambda^{[perp]}\simeq O(2, l-1)/O(.2)\cross O(l-1)$ $\mathrm{I}\mathrm{V}$





(discriminant) $m$ Heegner .
$\Gamma(L)$
$\Gamma(L)=\{g\in O^{+}(2, l)|g\cdot L=L\}$ , $X_{L}=\Gamma(L)\backslash \mathbb{H}_{l}$ (3.3)
$H(m)$ $\Gamma(L)$ $\mathbb{H}_{l}arrow X_{L}=\Gamma(L)\backslash \mathbb{H}_{l}$ $x_{L}$
(algebraic divisor) 1
4. BORCHERDS $\text{ }$
$\mathfrak{H}=\{\tau\in \mathbb{C}|{\rm Im}\tau>0\}$
4.1. $\mathfrak{H}$ $f(\tau)$ $k$ nearly holomorphic
$k$ cusp








l -Baily-Borel $\overline{x_{L}}$ $X_{L}$





$W\in \mathbb{H}_{l}\}$ $\nu(W)=W+z’-q(W)z\in \text{ ^{}+}$
$\gamma\in O^{+}(2, l)\}$
$\gamma\nu(W)=j(\gamma, W)\nu(\gamma\cdot W)$ $(\exists j(\gamma, W)\in \mathbb{C}^{\mathrm{x}})$ (4.1)
$\gamma\cdot W$ $\mathbb{H}_{l}$ $j(\gamma, W)$
$j(\gamma_{1}\gamma_{2}, W)=j(\gamma_{1}, \gamma_{2}\cdot W)j(\gamma_{2}, \nu V)$
$r\in \mathbb{Q}$ $\chi$ : $\Gamma(L)arrow \mathrm{T}=\{z\in \mathbb{C}||z|=1\}$
$\chi(\gamma)j(\gamma, W)^{\mathrm{r}}$ $\Gamma(L)$ $\chi$
$r$
4.3. $\mathbb{H}\iota$ ( ) $F(Z)$ $\Gamma(L)$ $r$ ,
$\chi$ ( )
$F(\gamma Z)=\chi(\gamma)j(\gamma, Z)^{r}F(Z)$ $(\gamma\in\Gamma(L), Z\in \mathbb{H}_{l})$ (4.2)
44(Borcherds [1, 2]). $f$ 42 nearly holomorphic. $c(n)$
Fourier
$\{$
$W_{\int}\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{n}\subset K_{\mathbb{R}}$ :Weyl chamber










Rernark4.5. (1) $c(0)\in 2\mathbb{Z}$ $\chi=1$
(2) $K_{\mathbb{R}}$ Grassmann $Gr(K)=\{v\in$
$\mathbb{P}(K_{\mathbb{R}})|v=\mathbb{R}u,$ $(u, u)>0\}$
$Gr(K)-$ $\cup$ $\cup$ $\{v\in Gr(K)|v[perp]\lambda\}$ (4.5)
$m<0$ $\lambda\in K$
$c(m)\neq 0q(\lambda)=m$








$\tau=x+\sqrt{-1}y\in \mathfrak{H},$ $Z=X+\sqrt{-1}\mathrm{Y}\in \mathbb{H}_{l}$ theta
$_{L}( \tau, Z)=\sum_{\lambda\in L}e^{2\pi\sqrt{-1}(\tau q(\lambda)+\overline{\tau}q(\lambda_{-}))}+$
(4.6)
$\lambda\in V$
$\lambda=\lambda_{+}+\lambda_{-}\in v\oplus v^{[perp]}$ $\{$
$v=\varphi([\nu(Z)])$ : $Z$ 1Lr 6—- 1
$v^{[perp]}$ : $v$
(4.7)
46. $F\subset fl$ $SL_{2}(\mathbb{Z})$ $f(\tau)$ nearly holomorphic
$\Phi_{f}(Z)=\int_{F}f(\tau)\overline{\Theta_{L}(\tau,Z)}y\frac{dxdy}{y^{2}}$
$:^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}$ ( $\int_{F}f(\tau)\overline{\Theta_{L}(\tau,Z)}y^{1+s}\frac{d^{r}x\cdot dy}{y^{2}}$ $s=0$ ) (4.8)
theta (regularized theta integral)
$F=$
$\{\tau=x+\sqrt{-1}y\in \mathfrak{H}||x|<1/2, |\tau|\geq 1\}$ $u>0$ $F_{u}=\{\tau\in F|y\leq\prime u\}$
f\Delta - -ffl
$\ovalbox{\tt\small REJECT}_{arrow\infty}^{\mathrm{m}\int_{F_{u}}f(\tau)\overline{\ominus_{L}(\tau,Z)}y^{1-s}\frac{dxdy}{y^{2}}}$ (4.9)
${\rm Re} s\gg \mathrm{O}$ $s$
([2, 56])
47(Harvey-Moore, Kontscvich, Borcherds). $f(\tau)$ $k=1-l/2$
nearly holomorphic theta (4.8) Borcherds
(4.3) ( )
$\log|\Psi \mathrm{f}(Z)q(\mathrm{Y})^{\mathrm{c}(0)/4}|=-\frac{1}{4}\Phi f$ (Z)+( ) $(Z\in \mathbb{H}_{l}\simeq Gr_{2}^{+}(V))$ .
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5. MAAS WAVE FORM THETA
Whittaker $M_{\nu,\mu}(z),$ $W_{\nu,\mu}(z)$ ([5] ) $\text{ }$ $M_{\nu,\mu}(z),$ $\nu V_{\nu,\mu}(z)$
$\frac{d^{2}w}{dz^{2}}+(-\frac{1}{4}+\frac{\nu}{z}-\frac{\mu^{2}-1/4}{z^{2}})w=0$ (5.1)
$\mathrm{A}\mathfrak{l}_{s},$ $\mathcal{W}_{S}$
$\mathcal{M}_{s}(y)=y^{-k/2}M_{-k/2,s-1/2}(y)$ , $\mathcal{W}_{s}(y)=y^{-k/2}M_{sgn(y)k/2,s-1/2}(y)$ $(s\in \mathbb{C})$
Whittaker $m\in \mathbb{Z}_{<0},$ $s\in \mathbb{C}$ $F_{m}(\tau, s)(\tau=x+$
$\sqrt{-1}y\in \mathfrak{H})$
$F_{m}( \tau, s)=\frac{1}{2\Gamma(2s)}\gamma\in\Gamma_{\infty}\backslash SL_{2}(\mathbb{Z})$
$\sum$ $(\mathcal{M}_{s}(4\pi|m|y)e^{2\pi\sqrt{-1}mx})|_{k}\gamma$ (5.2)
Poincare’ Rc $s>1$ $F_{m}(\tau, s)$
$k=1-l/2$ $\mathfrak{H}$
5.1. $k$
$\Delta_{k}=-y^{2}(\frac{\partial^{2}}{\partial x^{2}}+\frac{\partial^{2}}{\partial y^{2}})+\sqrt{-1}ky(\frac{\partial}{\partial x}+\sqrt{-1}\frac{\partial}{\partial y})$ (5.3)
$\Delta_{k}F_{m}(\tau, s)=(s(1-s)-\frac{k}{2}(1-\frac{k}{2}))F_{m}(\tau, s)$ (5.4)
$\text{ }$
$F_{m}(\tau, s)$ Maas wave form .
Remark 52. $k$ $f(\tau)$
$F(g)=f(g\cdot\sqrt{-1})j(g, \sqrt{-1})^{-k}$ $(g\in SL_{2}(\mathbb{R}))$
$F(g)$ $SL_{2}(\mathbb{Z})\backslash SL_{2}(\mathbb{R})$ $A_{k}$ : $f\mapsto F$
$SL_{2}(\mathbb{R})$ Casimir $\Delta_{SL_{2}}$







Bruinier . nearly holomorphic wave fonn
theta wave form $F_{m}(\tau, s)$ $F_{m}(\tau, s)$
theta
$Z\in \mathbb{H}_{l}$ ${\rm Re} s>1$
$\Phi_{m}(Z, s):^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}\int_{F}F_{m}(\tau, s)\overline{\mathrm{O}-_{L}(\tau,Z)}y\frac{dxdy}{y^{2}}$ (5.7)
( theta ) $\text{ }$ $\Phi_{m}(\tau, s)$ ${\rm Re} s>1$ $s=1-k/2=(2+l)/4$
$\backslash \supset$




5.3. $\Phi_{m}(Z)$ $\mathbb{H}_{l}\backslash H(.m)$ $H(rn)$
(log-singularity) $\Omega$ $O(2, l)$ Casintir
$\Omega\Phi_{m}(Z)=\frac{l}{4}b_{m}(0)$ : (5.9)
( $\Omega$ [3, p. 96, (4.1) ] ) $b_{m}(0)$ $F_{m}(\tau, 1-k./2)$
Fourier ( ) $\text{ }$ Kloostcrnian
$F_{m}( \tau, s)=\frac{\Gamma(1+k/2-s)}{\Gamma(2-2s)\Gamma(s+k/2)}\mathcal{M}_{1-s}(4\pi|m|y)e^{2\pi\sqrt{-1}mx}$
$+b_{m}(s, 0)y^{1-s-k/2}+ \sum_{n\in \mathbb{Z}.n\neq 0}b_{m}(n, s)\mathcal{W}_{s}(4\pi ny)e^{2\pi\sqrt{-1}nx}$
([3, Theorem 19]) $s=1-k/2$
$F_{m}( \tau, 1-k/2)=e^{2\pi\sqrt{-1}m\tau}+\sum_{n\geq 0}b_{m}(n)e^{2\pi\sqrt{-1}n\tau}+\sum_{n<0}b_{m}(n)\mathcal{W}_{1-k/2}(4\pi ny)e^{2\pi\sqrt{-1}nx}$
Fourier Fourier $b_{m}(n)$ Kloosterman
([3, Proposition 110]) [ $s=1-k/2$ { $\Delta_{k}F_{m}$ ($\tau,$ $1$ -k/2)=0
$F_{m}(\tau, 1-k/2)$ $\Delta_{k}$













$\Phi_{f}$ Heegner $H(m)(c(m)\neq 0)$
$f(Z)$ $\sum_{m<0}c(m)H(m)$ ( 44, 47
)
6. NEARLY HOLOMORPHIC $s\text{ }\Psi.\prime \text{ }$
nearly holomorphic $f(\tau)$
$\kappa=1+l/2=2-k$
S\kappa =( $\kappa$ )




$S_{\kappa}$ $\varphi(\tau)$ $\varphi(\tau)$ $n$ Fourier
$\alpha_{n}(\varphi)=a(n)$
$\sum_{m<0}c(m)\alpha_{-m}=0$ in $S_{\kappa}^{*}$ (6.1)
$\dim S_{\kappa}<\infty$ nearly holomorphic
$\{f(\tau)\}$
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7. $\mathbb{H}_{l}$ -h $\sigma \mathit{3}\mathrm{F}\Phi\ovalbox{\tt\small REJECT}\int_{*}^{\mathrm{D}}\ovalbox{\tt\small REJECT}\Psi\nearrow/\mathrm{R}\geq \mathrm{H}\mathrm{E}\mathrm{E}\mathrm{G}\mathrm{N}\mathrm{E}\mathrm{R}\ovalbox{\tt\small REJECT} \mathrm{f}^{-}$












$F(.Z)$ : $\mathbb{H}_{l}$ $r$ $(F)= \sum_{m<0}c(m)H(rn)$
$\Leftrightarrow\exists f(\tau)$ : $\mathfrak{H}$ nearly holomorphic
$\sum_{m<0}c(m)e^{2\pi\sqrt{-1}n\iota\tau}$
$\Leftrightarrow f(\tau)=\sum_{m<0}c(m)F_{m}(\tau, 1-k/2)$ $\hslash$
nearly holomorphic
$\Leftrightarrow$ $\sum_{m<0}c(m)\alpha_{-m}=0$ in $S_{\kappa}^{*},$ $\kappa=2-k=1+l/2$
$F(Z)$ nearly holomorphic $f(\tau)$ theta




(1) $\Omega$ $O(2, l)$ Casimir $\Omega G(Z)=-rl/8$





nearly holomorphic $f(\tau)$ $\Gamma\backslash G$
$F(g)=f(g\cdot\sqrt{-1})j(g, \sqrt{-1})^{-k}$ $(g\in G)$
$G$ $F(g)$ $G=SL_{2}(\mathbb{R})$
Lie
$h=\sqrt{-1}(\begin{array}{l}0-110\end{array}),$ $e= \frac{1}{2}$ ( $\sqrt{-1}1$), $f= \frac{1}{2}(_{1}^{\sqrt{-1}}$ $-\sqrt{-1}1)$ (8.1)
$\{h, e, f\}$ $\epsilon 1_{2}$ -triple $f(\tau)(\tau=x+\sqrt{-1}y)$ $k$
$hf(\tau)=kf(\tau)$
$ef( \tau)=(\frac{\partial}{\partial x}-\sqrt{-1}\frac{\partial}{\partial y})f.(\tau)-\sqrt{-1}k\frac{1}{y}f(\tau)$
$ff( \tau)=y^{2}(\frac{\partial}{\partial x\prime}+\sqrt{-1}\frac{\partial}{\partial y}.)f(\tau)$
$hf(\tau)$ $k_{\backslash }ef(\tau)$ $k+2_{\text{ }}ff(\tau)$
$k-2$
$f(\tau)$ $\mathfrak{H}$ $ff(\tau)=0$ $f(\tau)$
$\epsilon 1_{2}$ $k$
8.1. $f(\tau)\neq 0$ $k<0$ nearly holomorphic
$f(\tau)$ $\epsilon 1_{2}$ $k$ Verrna
$k+1=|k|+1$ $F_{-k}$
$k+2$ $D_{-k+2}^{+}$
Proof. $f(\tau)$ $\epsilon 1_{2}$ $k$ Verma
$e^{-k+1}f(\tau)\neq 0$ Verma $f(\tau)$
Fourier $ef(\tau)$
$ef(\tau)\neq 0$ $e^{-k+1}f(\tau)\neq 0$ $f(\tau)$
Verma
82. $f(\tau)\neq 0$ $k<0$ nearly holomorphic
. $e^{-k+1}f(\tau)$ $k+2$ nearly holomorphic
Li-Tan-Zhu [4] $SL_{2}(\mathbb{R})$ $O(p, q)$ theta










$\Phi_{f}$ ( $O(2,$ $l)$ ) 3
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